We find the critical charge for a topologically massive gauge theory for any gauge group, generalising our earlier result for SU(2). The relation between critical charges in TMGT, singular vectors in the WZNW model and logarithmic CFT is investigated. *
Introduction
It is well known that a topological Chern-Simons theory on a 3-dimensional manifold with a boundary induces a WZNW model on the boundary [1] which is a basic "building block" for all known unitary rational conformal field theories (CFT). Combining several Chern-Simons fields and/or factorising over some discrete symmetries one can give a threedimensional construction for all known unitary rational CFT [2] , for example, minimal models [3] through a GKO coset construction [4] . In unitary WZNW and minimal models, primary fields only exist for a restricted number of representations. For example for the SU(2) model, only the representations with j = 0, 1 2 , . . . , k 2 are allowed, while in the minimal model the allowed primary fields are those which satisfy the above condition for each of the three SU(2) factors in the GKO construction. In [5] we showed that the truncation of the spectrum in the SU(2) case was associated with a critical charge in the corresponding topologically massive gauge theory (TMGT). This let us see that critical and super-critical charges would cause vacuum instability and be excluded from the spectrum of the three-dimensional theory as well. We also found that, surprisingly, the quantization of a theory with a critical charge, which was worked out in [6] , leads to a Jordan block structure for the Hamiltonian which is similar to what is now known from logarithmic conformal field theory. The purpose of this paper is to present these results in detail and extend them to any compact group.
The topological Chern-Simons theory is the low-energy limit of a topologically massive gauge theory [7] - [9] with the action:
Where A µ = A a µ t a , and t a are the generators of the gauge group G. This is the action for gauge bosons with topological mass M = ke 2 /4π. If the three dimensional manifold M has a boundary, the TMGT induces a deformed conformal field theory on the boundary. In the nonabelian case the CFT will be deformed with a deformation parameter proportional to 1/e 2 , and so the WZNW model can be induced from a TMGT with a boson mass of the order of the UV cut-off, so that the F 2 term regularizes the Chern-Simons action and
we recover the WZNW model by letting the mass M → ∞. If the TMGT is defined on a manifold with a boundary, it will induce a chiral WZNW model on the boundary. By taking a cylinder, with one chiral half of the WZNW model on each boundary, one can obtain the full WZNW model, defined by
A primary field of the WZNW model, Φ(z,z) = V L (z)V R (z), can be induced on the boundary by a path-ordered Wilson line
where C is a contour with one end point on each boundary. The Wilson line coincides with The holomorphic part of the primary field V L on one boundary and with the antiholomorphic part V R on the other, and it describes the transport of a particle in the representation R from one boundary to the other. It is therefore clear that the same representations of the gauge group have to occur in the bulk as on the boundary.
In the same way, a supersymmetric WZNW model can be induced on the boundary of a three dimensional manifold by a supersymmetric CS theory, which is the low energy limit of a supersymmetric TMGT, defined by the action [7, 10] 
where χ a are Majorana fermion fields in the adjoint representation of G, and L a are auxiliary scalar fields with λ a their Majorana spinor superpartner fields. In this case we have both vector bosons and Majorana fermions with the topological mass M = ke 2 /4π
in the bulk, and on the boundary we get the super-WZNW model with the action [11] 
The fermions in the SWZNW action can be decoupled completely by the transformation
but this transformation is anomalous, and leads to the following action
where C 2 is the Casimir of the adjoint representation of the group G
The bosonic part of the super-WZNW model at level k is therefore the ordinary WZNW at level k − C 2 , and the spectrum in the supersymmetric model is the same as for the WZNW at level k − C 2 and the free fermions. For example, the conformal dimension of a primary field in a representation R of G, with Casimir C R , is ∆ = C R /(k + C 2 ) in the WZNW model and ∆ = C R /k in the SWZNW model. In the three-dimensional theories, 1/k is the expansion parameter for perturbation theory, so the ordinary TMGT and the bosonic part of the SUSY TMGT are the same at tree level, with the shift k → k − C 2 appearing as a result of higher-order corrections [12] . In this paper we will only be working at the leading order in 1/k and so we will not be able to see the difference between the ordinary and supersymmetric TMGTs.
2 Truncation of the spectrum in WZNW model and in TMGT
We will begin by reviewing how the truncation of the spectrum of unitary representations occurs in the WZNW model, and then see how the same spectrum can arise by a completely different mechanism in TMGT. The WZNW has a G L × G R symmetry, generated by the currents
The modes J a n generate the affine algebra with the commutation relations
We use the following basis for the generators of G. We have the generators of the Cartan subalgebra h i , i = 1, . . . , r, r is the rank of G, and for each root α we have a step operator e α , with the commutation relations
where ǫ(α, β) is antisymmetric in α and β, and α · h = i α i h i . The current algebra of the WZNW model then has generators H i n , E α n , and the commutation relations (10) become
We consider a highest weight primary state |µ , defined by
Unitary representations only exist for weights µ which satisfy ψ · µ ≤ k/2 with the highest root ψ normalized so that ψ 2 = 1. This can easily be seen by considering the norm of a descendant, using eqs. (12) and (13) and
This state therefore has negative norm when ψ · µ > k/2, and it is a null vector for a highest weight µ 0 such that ψ · µ 0 = k/2. This null vector has all the properties (eq. (13)) of a primary state with highest weight µ 0 + ψ, and so we can write ||µ 0 + ψ | 2 = 0.
There are also singular vectors at higher levels for the other unitary representations. In a unitary model, any correlation function containing a singular vector must be zero, and this leads to all non-unitary representations decoupling from the spectrum [13] .
It is clear that, if the CFT is to be described by a three-dimensional Chern-Simons theory, this truncation of the spectrum also has to occur in the CS theory, and there must be states with zero norm in the CS theory as well. This must also be true at least in the low-energy limit in the TMGT theory, but in fact, we will see that it actually occurs in the full TMGT theory. To induce a primary field of the WZNW model on the boundary in a representation R, we have to add to the CS model in the bulk a Wilson line carrying a source in the same representation, and so we expect that adding a source in a representation with µ · ψ > k/2 would for some reason make the threedimensional theory non-unitary. In [5] we suggested that the physical reason for this is that sources with higher charge are critical or super-critical -ie. that they cause vacuum instability because the bound states which they can form with charged particles have zero or imaginary energy. This is just the sort of behaviour that is familiar in the solution of the Dirac equation for an electron in the field of a point charge Ze in which case the energy of the ground state is E(Z) = m e (1 − α 2 Z 2 ), and so there is a critical charge Z c = 1/α ≈ 137, with E(Z c ) = 0 and imaginary energy for Z > Z c . In a nonabelian TMGT, the charged particles which can have bound states are just the massive gauge bosons themselves. We can therefore see that the dynamics of the TMGT are crucial for understanding even the low energy properties of the theory -even when the gauge bosons are infinitely massive, any states with exactly zero energy obviously cannot be ignored, and super-critical charges will never be formed because they would always be screened by pairs of charged particles which could condense from the vacuum with no energy cost. We will also see in the next section that the presence of a critical charge leads to a state with zero norm, just as in the WZNW model.
In this section we present the computation of the critical charge in a TMGT [5] , showing how the result is generalized to arbitrary groups. We divide the gauge bosons into uncharged "photons" and charged bosons, by
where the fields A µ i describe the photons and A µ α the charged particles. The charged bosons can be divided into positively and negatively charged for positive and negative roots -for a positive root α, α i ≥ 0 for all i. Since −α is always a root if α is a root, the charged bosons therefore come in particle-antiparticle pairs with positive and negative charges. A classical external source in a highest weight state will then act as a source of photons, creating a potential for the charged particles. We will therefore treat the photons classically and try to solve the equations of motion for charged particles in the classical background created by the source. The equations of motion for the photons in the presence of a static source with weight µ are
This leads to the following solution for the electric and magnetic fields, E 
where K 0 and K 1 are modified Bessel functions. By integrating eq. (16) we also find that at large distances (r ≫ 1/M)
so that, by Stokes' theorem, A i θ ∼ −µ i /kr. The fields A i µ can then conveniently be written in the gauge ∂ µ A µ = 0 as
We could now go on to write down the linearized equations of motion for the charged bosons in this background field, and try to solve them to find the energy of the ground state and hence the critical charge. In fact it is much simpler to analyse the equations for fermions in the same background. For this reason, it is useful to consider the supersymmetric TMGT, The background gauge field in the presence of a classical source is the same in the SUSY case as in the ordinary TMGT, and the spectrum of the bosons and fermions in the SUSY theory is of course the same, so to find the critical charge we can concentrate on the equation of motion for the fermions, which is just the Dirac equation
As with the bosons, we can divide the fermions into charged and neutral particles by
where the charge is positive if α i ≥ 0, so that α·ψ > 0. We use a Majorana representation for the gamma matrices in 2 + 1 dimensions γ 0 = σ 2 , γ 1 = iσ 1 , γ 2 = iσ 3 , where σ i are the Pauli matrices. The Dirac equation for a charged fermion is then
where from the commutation relations (11) we can see that
would expect a bound state for negatively charged fermions for a source with µ · ψ > 0, but in some circumstances in a TMGT there can be bound states between like charges and repulsion between unlike charges [14] . This is because a charge is a source of both electric and magnetic flux and the magnetic force is in the opposite direction to the usual electric force. We need to check that this is not the case in the present situation, as if there is no attraction between opposite charges there can obviously be no screening of critical charges. An easy way to check this is to take the non-relativistic limit of eq. (21). We define χ
, and in the non-relativistic limit the total energy E = M + ǫ with |ǫ| ≪ M and also |A i 0 | ≪ M. In this limit the Dirac equation becomes the Pauli equation, which in this case is
The first term on the right of eq. (22) is the usual kinetic energy term, except that the centrifugal energy is modified by the Aharonov-Bohm effect, and the second term is the magnetic interaction. From eq. (19) we can see that the strength of the magnetic energy is just half that of the electric interaction, and so we still have attraction between opposite charges.
Since we are really interested in the critical charge for which ǫ = −M, we cannot use the non-relativistic approximation any further and so we return to eq. (21) . the attraction will be strongest for the negatively charged fermion χ −ψ , and so we need only consider that. If we define q = ψ · µ/k and make the gauge transformation
and define, for a solution with angular momentum m and energy E
we obtain the following equations (with x = Mr, ω = E/M)
These are exactly the equations which we solved numerically in [5] , and we can now see that with the above definition of q they apply for any simple group. We found the expected behaviour, with a critical charge very close to q = 0.5 (actually 0.498), because of which we conjecture that the exact solution will have the critical charge at exactly q = 0.5 This appears to indicate that we do indeed have the same truncation of the spectrum in TMGT as in the WZNW model, with only representations with ψ · µ ≤ k/2 allowed. However, this calculation is really only accurate to the lowest order in 1/k, so we should say the critical charge is at
Of course, in the supersymmetric models we have to shift k → k − C 2 compared to the bosonic models [11, 15, 12] , but clearly this cannot be seen at this order. Also, we would not expect a critical charge at ψ · µ = k/2 as this representation is included in the physical spectrum of the WZNW model, and we would expect a critical charge to be screened a particle-antiparticle pair which could condense from the vacuum. We might expect that the true critical charge is ψ · µ = (k + 1)/2 which would exclude all the non-unitary representations since ψ · µ is always an integer or half-integer, or that it is ψ · µ = (k + 2)/2, which is the null state in the WZNW model (with k replaced by k − C 2 in the supersymmetric case). To decide between these possibilities, we need to know how to quantize a theory with a critical charge -it turns out that the existence of a critical charge leads to a state having zero norm, so that the latter is probably correct, but it is not yet clear why states with ψ · µ = (k + 1)/2 should also be screened.
Critical States
The quantization of fields with zero energy bound states has been worked out in [6] . Although we have found a bound state for fermions, in the supersymmetric theory the spectrum for the gauge bosons must be the same, and so there will be a critical bound state of bosons at the same critical charge, and we can also expect the same features in the non-supersymmetric case, with the shift of k → k+C 2 . Since the bosons exist in all models we expect that the features in which we are interested will all appear in the quantization of a theory with a critical state for charged bosons, and we concentrate on that case. The treatment in [6] was for scalar bosons, but as vector bosons in 2 + 1 dimensions only have one degree of freedom we can follow it exactly. We have the canonical commutation relations
We expand the field A and the conjugate momentum Π in terms of wave functions Φ k (x) for continuum states with ω 2 = k 2 +1 and Φ i (x) for bound states with ω 2 i < 1, normalized so that
The field operators at t = 0 can be expanded as
The commutation relations (27) then become
For bound states with 0 < ω 2 i < 1, we introduce the mode operators a i and b i according to the standard rule
In terms of these operators, when there are no bound states with zero or imaginary energy the Hamiltonian is
where H C is the part of the Hamiltonian that comes from the continuous states. The
So the Hamiltonian is of course diagonalizable and all states have positive norm. Now we turn to the situation when there is a critical bound state, with ω 0 = 0. The contribution of the critical state to the Hamiltonian is just
In the low energy limit we can take this to be the full Hamiltonian. Now we need to be careful about exactly how we quantize the theory. As we will see, there are actually two choices we can make, one of which leads to a unitary CFT on the boundary and the other to a logarithmic CFT. Instead of eq. (31), in this case we introduce the p 0 and q 0 as mode operators
with the commutation relations
The Hamiltonian is H = c † c. Starting from a naive vacuum state |0 , which of course is really a state containing a critical charge in the full TMGT, we can make two more zero energy states, |c = c † |0 and |d = (c † + d † )|0 . If we assume that the "vacuum" |0 has a positive norm, 0|0 = 1, we find
We can see from eq. (37) that even if we give the vacuum a positive norm, we are forced to have another eigenstate of the Hamiltonian |c , which has zero energy and zero norm. The other consistent way to quantize the theory is simply to take the vacuum to have zero norm: 0|0 = 0. Since the "vacuum" here is really a state with a critical charge, this would mean that the critical charge would decouple from physical spectrum. For this reason it is natural to view the critical charge in TMGT as being the equivalent of a singular vector in a CFT, which would mean that the critical charge was actually ψ · µ = (k + 2)/2, or ψ · µ = (k − C 2 + 2)/2 in the supersymmetric case (in the case of SU(2), C 2 = 2, so in the supersymmetric case our lowest order result would be exact, as we found in [5] ). The charges with ψ · µ = (k + 1)/2, which are not singular vectors but do have descendants with negative norm in the WZNW model, would seem to correspond more naturally to super-critical charges which have imaginary energy bound states but no state with exactly zero energy, but this clearly cannot be correct at least for single particle bound states. One possibility is that these charges are super-critical for multiparticle bound states, which may form because gauge bosons with the same charge can attract in TMGt [16] . Also, the charges with ψ · µ > (k + 2)/2 are also singular vectors in the WZNW model, but at levels > 1, and so these may correspond to critical bound states of more than one particle in the TMGT.
The first possibility considered above, leading to eq. (37), is what we have to consider if we insist on adding (super-) critical charged matter to the TMGT theory. the prototype for this situation is the supersymmetric model at level k = C 2 , since all non-zero charges are excluded from the unitary theory and so this is the only non-trivial possibility. As was pointed out in [6] , this does not necessarily lead to a catastrophic instability if we allow for a Hilbert space with a metric that is not positive definite. As we have seen in eq. (37), the Hamiltonian becomes non-diagonalizable, which is a familiar property of logarithmic CFT (LCFT) [17] where the 2d Hamiltonian is the Virasoro operator L 0 which acts on a logarithmic states as
and norms of the states are given by two-point correlation function, with one zero norm state [18] C
The resemblance between these equations and eq. (37) is striking. Indeed, since the analysis leading to eq. (37) is not specific to the TMGT but applies to any theory with a critical state, and logarithmic operators appear in CFT when the dimensions of two operators become degenerate, we can regard the Jordan block structure of LCFTs as originating by the same mechanism, with L 0 as the Hamiltonian. It is also interesting that in a WZNW model (but not in all LCFTs) the field C(x) which has zero norm always has to be a singular vector of another primary field [19] , just as the 3 dimensional Hamiltonian can only be non-diagonalizable if there is a critical state. The null vectors in a WZNW model are the states (E
which, if our interpretation of the critical state is correct, there should be a critical bound state of k + 1 − 2ψ · µ charged bosons and a source with ψ · µ ′ = k + 1 − ψ · µ. These two states and the logarithmic state |D then satisfy
So we can see that null states in the CFT on the boundary lead to critical bound states in the TMGT in the bulk, and if we want to include critical states which do not decouple from the spectrum, we end up with a LCFT on the boundary and a similar type of theory in the bulk. Indeed it was first noticed in [20] that in the WZNW model for SU (2) there are in general logarithmic singularities in the conformal blocks of primary fields with j > k/2. This is now known to indicate the existence of a LCFT, and contrary to what was said in [20] these conformal blocks can be combined to form local correlation functions. We therefore expect that for every unitary WZNW model, there is a logarithmic WZNW model with the same central charge. This would be parallel to the situation for the minimal models, where for every ordinary CFT in the c p,q series there is an enlarged model with the same central charge which is a LCFT [21] .
Conclusions
These results are a confirmation that null vectors in CFT correspond to critical charges in three dimensions, as was found for one particular case in [5] . We have now shown that for every null vectors at level 1 in a WZNW model there is a critical bound state of a single charged gluon in a TMGT, and we expect that null vectors at higher levels will be associated with critical multi-gluon states. It is still unclear why in the three-dimensional picture sources with ψ · µ = (k + 1)/2 (eg. a source in the representation j = (k + 1)/2 for SU(2)), which in the WZNW model have descendants with negative norm but are not equivalent to singular vectors of unitary representations, should also be excluded from the spectrum. However, it is not surprising that a different mechanism should be needed to explain the decoupling of the states which are not singular vectors in the CFT. Another interesting question is the implications of these results for non-compact groups, since bound states of charged gluons can presumably occur in that case as well, which could lead to some states decoupling from the spectrum, as seems to be required for the no-ghost theorem for SU(1, 1) [22] .
There are a number of interesting questions that remain. It will be interesting to check that higher-order corrections do result in the critical charges coinciding with null vectors in the CFT. Also, although it is very interesting that the Hamiltonians of both the TMGT and the CFT become non-diagonalizable when critical charges are added to the model, it is not yet clear exactly what the relation between the logarithmic operators in CFT and the critical states in TMGT is.
